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Lorenz's butterfly effect
Sensitive dependence of dynamical systems
upon initial perturbations/errors (E.N. Lorenz 1963, 1969)

Lyapunov exponent & Chaos:

Tangent/linearised system:

Lorenz actually distinguished between two kinds of behaviours:

‣Error can be made arbitrarily small by reducing sufficiently the initial 
discrepancy.

‣The two replica of the systems reach diverging states, no matter how 
small they differ initially.
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Simple example inspired by turbulence
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Explosive separation of tracers in 3D turbulent flow
(L.F. Richardson 1926)
Dissipative anomaly:                                                            (non-Lipschitz) 
Super-diffusive separation:
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Bitane et al. 2012
from Scatamacchia et al. 2013
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Heuristics of Lagrangian dispersion
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(non-Lipschitz) (differentiable)
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Mean-squared dispersion:

1D proxy:
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Turbulent Lagrangian flow
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The Lagrangian flow is ill-defined 
in the limit  (i.e. )

 largely explains anomalous 
dissipation and intermittency of 
advected passive scalars

ν → 0 Re → ∞
⇒

Bernard et al. 1998; Pumir et al. 2000;
Falkovich et al. 2001; Sawford 2001; Eyink 2008

Distance travelled by tracers

Impacts on the Eulerian velocity field? @tu+ u ·ru = � 1

⇢f
rp+ ⌫r2u+ f , r · u = 0

the velocity field transports itself!

‣ Does an explosive separation between the fluid element trajectories 
implies that velocity is not only singular but also ill-defined?

‣ Could this constitute a universal mechanism preventing uniqueness of 
singular solutions to the inviscid dynamics? 

cliffs

islands
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Figure �: Left: Snapshots of the vorticity fields at successive times (top to bottom) for an initially singular vortex sheet
perturbed by a random noise. Right: For the same flow, explosive separation of solutions of the Navier–Stokes dynamics,
here measured from the separation energy between two di�erent realisations of the initial noise and for various values of
the viscosity. A universal explosive behaviour ' 0.14 t is approached when ⌫ ! 0 (from Thalabard, Bec and Mailybaev��)

eralised least-action principle introduced by Brenier�� and could be of particular relevance to catch
spontaneously stochastic behaviour. It promotes to a probabilistic setting Arnold’s geometric inter-
pretation of ideal fluid mechanics,�� whereby smooth solutions of the Euler equations are deduced
from minimising an action over Lagrangian maps x0 7! X (t ; x0). The generalised Lagrangian least-
actionprinciple consists inminimisinga suitably-definedaveragekinetic energyamongawide classof
stochastic processes—so-called generalised Lagrangian flows—rather than among the solely de-
terministic class of smooth di�eomorphisms. From a mathematical perspective, this generalisation
guarantees the existence of minimisers under rather weak assumptions. Theminimising generalised
flow is no longer amap of initial conditions to final points in space but rather a probability distribution
on the overall set of Lagrangian paths. A preliminary study in �D indicates the feasibility and rele-
vance of such an approach to reinterpret turbulent data.�� One still has to assess its appropriateness
in �D both from a practical and physically relevant point of view.

a.� Objectives and intermediate goals

The DisTURB project aims to develop innovative views and concepts to tackle the infinite-Reynolds-
number limit of turbulent flows,with orwithout boundaries. The target is to provide aunifieddescrip-
tion incorporating the kinetic energy dissipative anomaly, the breakdown of time-reversal symmetry,
intermittency, the explosive nature of the Lagrangian flow, and spontaneous stochasticity. To achieve
this challenging objective, we propose a plan of action that consists of several intermediate goals:
• The first step revisits Lagrangian aspects of developed turbulence in order to single out physi-
cal constraints on admissible flow maps. This requires a detailed inspection of the coarse-grained
displacements of fluid material elements, which itself constitutes a notably innovative statistical
analysis. The idea is to provide Lagrangian formulations of statistical conservations and anoma-
lies. A particular attention will be paid to discriminate between outcomes of the inviscid limit and
consequences of a singular inviscid dynamics. These questions are addressed inWP�.

• The second step plans to provide compelling evidence that Eulerian spontaneous stochasticity is
an intrinsic hallmark of singular flows, and that turbulent solutions have tobeprimarily conceived as
statistical ensembles rather than univocal velocity fields. These considerations will lead to identify
universal statistical properties that are insensitive both to the details of the perturbative noise and
to the specificities of small-scale regularisation. These aspects are put together inWP�.

• The third step aims to develop a novel formulation for turbulent dynamics in the inviscid limit. The
goal is to construct a generalised least-action principle that properly selects physically admissible
transition probabilities of the Lagrangian flow. These concepts will be fine-tuned and validated
by comparison against data obtained in large-Reynolds-number flows. They will then be used to
develop new approaches for turbulence large-scale modelling. Such ideas are developed inWP�.

The proposed plan requires answering several Yes/No questions that are regarded as keymilestones:

Page � of ��

singular velocity field + various regularisations ( ) + small noise ( )ν ε

Eulerian spontaneous stochasticity
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Example: 2D Kelvin–Helmholtz vortex sheet Thalabard, Bec, Mailybaev 2020 

The mixing layer reaches a 
finite size in a finite time, 
even when ε, ν → 0

Discontinuity w.r.t. initial data
Universal, intrinsically stochastic 
nature of the inviscid dynamics

Explosive separation of Eulerian trajectories

Predictability is infinitely less 
than in any chaotic system 
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What about geophysical flows 
& climate models?

(Rotunno & Snyder 2008, Palmer et al. 2014)



Surface quasi-geostrophic turbulence

Turbulence from analytical initial data:   θ0(x) = cos x2 − sin x1 sin x2
Constantin, Majda, Tabak 1994

dispersion thus remains largely unsettled.
The considerations above and related open questions provide motivation for revisit-

ing SQG flows in the light of its broken symmetries, in particular time irreversibility and
spontaneous stochasticity. This work aims to be a first step in this direction. To stay as
close as possible to the mathematical problems, we restrict our study to SQG flows freely
evolving from deterministic smooth initial conditions.

2.2. Turbulence from analytical initial conditions
We consider decaying solutions to the SQG equation (3), whose initial condition at time
t = 0 is smooth, analytic and consists of the superposition of a few Fourier modes. The
idea is to highlight that, even if the question of a finite-time blowup remains open for
⌫ = 0, such solutions display turbulent features in the asymptotics of small viscosities.
More specifically, we consider the initial condition introduced by Constantin et al. [34]

✓(x, 0) = cos x2 � sin x1 sin x2. (4)

The surface kinetic energy at time t = 0 is E = 3/8, so that the typical time and ve-
locity scales are of the order of unity. Numerical simulations are performed using a
fully-dealiased pseudo-spectral method at various resolutions and values of the viscos-
ity (see Tab. 1). As seen in the left panels of Fig. 1, corresponding to Run IV, the solution
is initially smooth (t = 4), before it develops into a a quasi-singular filament (t = 8)
that continues to get stretched and folded by the flow (t = 16). At a large-enough time
(t = 32), these filaments have destabilised, activating a wide range of scales in the active
scalar field.
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Figure 1. Left: Snapshots of the surface temperature ✓ for ⌫ = 10�5 (Run
IV), at times before (t = 4, 8, 16) and after (t = 32) the turbulent regime has
settled. Right: Shell-averaged power spectrum of the surface temperature field
E(k, t) = 1

2

P
k�1<|k|k |✓̂k(t)|2 computed at the same instants of time. The solid

lines correspond to behaviours / k�2 and / k�5/3.

The corresponding power spectra are shown in the right panel of Fig. 1. The de-
velopment of a quasi-singular behaviour at time t ⇡ 8 goes with the development of an
intermediate range where E(k) approximately scales as k�2, which is consistent with the
measurements of Ohkitani and Yamada [43]. This scaling can be explained as the signa-
ture of discontinuities of the temperature field ✓ occurring on lines, as visible from Fig. 1b.
At larger times, the solution experiences a series of quasi-singular episodes. As visible

6

Active transport of temperature, 2D analog of 3D hydro turbulence
SQG equation:        

     where  with  
∂tθ + u ⋅ ∇θ = νΔθ +ϕ

u = ∇⊥Ψ |Δ |1/2 Ψ = θ

Valade, Thalabard, Bec (2023)

Lapeyre 2017



Dissipative anomaly

Run I II III IV V
⌫ 3 ⇥ 10�4 10�4 3 ⇥ 10�5 10�5 3 ⇥ 10�6

N2 10242 10242 20482 40962 81922

�t 4 ⇥ 10�4 4 ⇥ 10�4 2 ⇥ 10�4 10�4 5 ⇥ 10�5

⌘(t = 32) 1.7 ⇥ 10�2 7.7 ⇥ 10�3 3 ⇥ 10�3 1.3 ⇥ 10�3 5.3 ⇥ 10�4

Table 1. Parameters of the different numerical simulations: viscosity ⌫, number
of collocation points N2, timestep �t, dissipative scale ⌘ = (⌫3/h"✓i)1/4 at time
t = 32, where h"✓i is the spatially averaged dissipation rate of surface kinetic energy,
as defined in (5). Each run additionally contains Ntr = N2 Lagrangian particles.

in the spectrum at time t = 16, they materialise as waves that propagate towards large
k’s. The power spectrum gets gradually less steep and approaches the behaviour close to
k�5/3 expected in the developed turbulent regime.
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Figure 2. Left: Snapshots at time t = 32 of ✓ in the quadrant [0, ⇡]2 for ⌫ = 3⇥10�5

(top) and ⌫ = 3 ⇥ 10�6 (bottom); The colour scale is the same as in Fig. 1. Right:
Spatially averaged dissipation rates h"✓i for the surface energy E (up) and h" i for
the Hamiltonian H (bottom), as a function of time for the different values of the
viscosity ⌫.

We now turn to dependence of the turbulent regime upon the viscosity ⌫. The
left panels of Fig. 2 display snapshots of the solution at time t = 32 for two different
viscosities. One clearly observes that decreasing viscosity leads to the formation of thiner
filaments that are more likely to destabilise and create structures at even smaller scales.
This picture agrees with the scenario of cascading shear instabilities studied in [46]. The
right panels of Fig. 2 show, for the various ⌫’s, the time evolutions of the dissipation rates
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Solutions exhibit a turbulent regime for 
 regardless of any potential 

blowup for 
t > tturb

ν = 0



Dissipation & Lagrangian flow

Feynman–Kac:    
with average over tracers:  
with final condition  

“Fluctuation-dissipation” relation:

 transition pdf of tracers dynamics

θ(x, t) = 𝔼ν[θ0(X0)]·Xs = u(Xs, s) + 2ν ηs
Xt = x

ℰ(0)−ℰ(t) =
1

8π2 ∬ [θ(x, t) − θ0(x0)]2pν(x0,0 |x, t) d2x d2x0

pν(x0, t0 | x, t)

t

0
space

tim
e

θ(x, t)

θ0(x0)

variance = dissipation

Dissipative anomaly: breakdown of the backward Lagrangian flow 
i.e.  lim

ν→0
pν(x0,0 | x, t) ≠ δ(X0 − x0)



Relative dispersion keeps a noticeable dependence upon initial separation 

Lagrangian spontaneous stochasticity
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<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0
<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="XCChJL/1e8KJGmRIA68AH28cN/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHrTjLk=</latexit>

0

<latexit sha1_base64="seFlVavFwqRrIJKOjNCGlWJua+Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKD72E98sVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wdRd43S</latexit>⇡

<latexit sha1_base64="QRlFKTdZFTH2TZmCLuq5ispBsxg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOno2p</latexit>x1

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit> x
2

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="cwj9ezmC/g/tVeTOmqW49wcpf00=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYD+gjWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM69Sa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBPSOO2g==</latexit>

10�1

<latexit sha1_base64="y/M3WyqIA+BrJMlozlqyab9He3g="></latexit>

hR2(�⌧ | x, t)i��

<latexit sha1_base64="Nzq2QhhYWVCKQgjiP41gc7PyIho=">AAACIXicbVBNSwMxEM36bf2qevQSLIJCKbsi2mPRi0cV2wpNXbLptAaz2SWZFcvav+LFv+LFgyLexD9jWnvwayDk8d4bZuZFqZIWff/dm5icmp6ZnZsvLCwuLa8UV9caNsmMgLpIVGIuIm5BSQ11lKjgIjXA40hBM7o+GurNGzBWJvoc+ym0Y97TsisFR0eFxSpTXPcU0LPL3W2GPGPlO1ZmUaI6th+7L78dlHGHmZErzBkoFTKdDcJiya/4o6J/QTAGJTKuk7D4xjqJyGLQKBS3thX4KbZzblAKBYMCyyykXFzzHrQc1DwG285HFw7olmM6tJsY9zTSEfu9I+exHe7rnDHHK/tbG5L/aa0Mu9V2LnWaIWjxNaibKYoJHcZFO9KAQNV3gAsj3a5UXHHDBbpQCy6E4PfJf0FjtxLsV/ZO90q1w3Ecc2SDbJJtEpADUiPH5ITUiSD35JE8kxfvwXvyXr23L+uEN+5ZJz/K+/gEPTekPg==</latexit>

hR2(⌧ | x, t)i��

<latexit sha1_base64="VNakrxg6O+Wkz0pYnQbz/NTA75c=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2i1GIIGFXgloGbSwjmAdklzA7e5MMmX0wczcYlvyAjb9iY6GIrb2df+PkUWj0wDBnzrmXuff4ieAKbfvLyC0tr6yu5dcLG5tb2zvm7l5DxalkUGexiGXLpwoEj6COHAW0Egk09AU0/cH1xG8OQSoeR3c4SsALaS/iXc4oaqljHrlDKiFRXOiXi31AWnL9WARqFOorux+f4knHLNplewrrL3HmpEjmqHXMTzeIWRpChExQpdqOnaCXUYmcCRgX3FRBQtmA9qCtaURDUF423WZsHWslsLqx1CdCa6r+7MhoqCbT6cqQYl8tehPxP6+dYvfSy3iUpAgRm33UTYWFsTWJxgq4BIZipAllkutZLdankjLUARZ0CM7iyn9J46zsnJcrt5Vi9WoeR54ckENSIg65IFVyQ2qkThh5IE/khbwaj8az8Wa8z0pzxrxnn/yC8fENjuGcgA==</latexit>

"�(x, t)

<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="p4ryYDZHB3VUg+9qHaUY8OABgyg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XGSgBePEcwDkjXMTjrJkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1PTcx/TsYtItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjfOyd1mu3FdK1ZssjjwcwTGcggdXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AUM3jt4=</latexit>

10�5
<latexit sha1_base64="Z0NOfrUe1HDRqaWRrvWkFI7MtQE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrQT1JwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZuyxX7iul6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AEAtjtw=</latexit>

10�3
<latexit sha1_base64="cwj9ezmC/g/tVeTOmqW49wcpf00=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1JMUvHisYD+gjWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKLc99zM69Sa9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rFTvq+XaTR5HAY7hBM7AgyuowR3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBPSOO2g==</latexit>

10�1

Figure 4. Left: Backward mean-squared separation shown as a function of x for
t = 70 and ⌧ = 5 for Run IV. Center: Dissipation field "✓(x, t) = ⌫|r✓(x, t)|2.
Right: Forward mean-squared separation. See text for definitions.

This shows that the relative separation simply prescribes the variance of the tracers start-
ing or ending in x at time t. Hence, the persistence of non-zero values of hR2(±⌧ | x, t)i`⌫
when ⌫ ! 0 signals non-deterministic transition probabilities in the inviscid limit.

The left and right panels of Fig. 4 show the typical maps observed for the backward
and forward relative separations computed from t = 70 in the turbulent regime, and over
a time lag ⌧ = 5. The central panel shows the dissipation field at the same instant of time.
The correlation between these three fields is spectacular, with no apparent distinct features
between forward and backward statistics. At a qualitative level, this is consistent with
both the SQG fluctuation-dissipation relation (11) and the signature of incompressibility
(8). Such a triptych representation substantiates the picture suggested by Fig. (2) and the
analysis of §3.1: SQG irreversibility implies Lagrangian spontaneous stochasticity.
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Figure 5. Mean-squared separations of pairs of tracers within puffs of sizes `⌫ = 3⌘ at
t = 70, backward (left) and forward (right) in time, for various values of the viscosity,
as labelled. The black lines show behaviours / ⌧3 as expected from Richardson law.

For more quantitative assessments, we have plotted in Fig. 5 the backward and for-
ward average relative separations for puffs of size `⌫ = 3⌘, at fixed t = 70 and decreasing
values of the viscosity. In both cases, one observes a collapse of the statistics along a
super-diffusive regime, compatible with Richardson’s scaling / ⌧ 3, although with possi-
ble deviations. As the viscosity decreases, the convergence towards Richardson’s regime
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Eulerian spontaneous stochasticity
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<latexit sha1_base64="I/ENvMng0nYpy4CljyOYpRusVtU=">AAAB5HicdZC7SgNBFIbPxltcb9FWkMEgWC27EpNYGbCxTMBcIFnC7GQ2GTN7YWZWCEtKKxsLxdbHSOVD2PkMvoSTrIKK/jDw8f/nMOccL+ZMKtt+M3JLyyura/l1c2Nza3unYO62ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadsbX8zz9g0VkkXhlZrE1A3wMGQ+I1hpq2H3C0XbckqVUrmKMjhzPqFsI8eyFyqev8wa77cHs3q/8NobRCQJaKgIx1J2HTtWboqFYoTTqdlLJI0xGeMh7WoMcUClmy4GnaIj7QyQHwn9QoUW7veOFAdSTgJPVwZYjeTvbG7+lXUT5VfdlIVxomhIso/8hCMVofnWaMAEJYpPNGAimJ4VkREWmCh9G1Mf4WtT9D+0TiynbJ0Wa1XIlId9OIRjcKACNbiEOjSBAIU7eIBH49q4N56ywpzx2bEHP2Q8fwA2MJAk</latexit>

0

<latexit sha1_base64="OucYrxpJNwWCTn+9FjSoSk8EoRs=">AAAB6nicdZC7SgNBFIbPeo3xFrUUZDAIVsuuxCRWBmwsEzQXSJYwO5lNhsxemJkVwpLS0sZCEVsfIpUPYecz+BJOshFU9IeBj/8/hznnuBFnUlnWu7GwuLS8sppZy65vbG5t53Z2GzKMBaF1EvJQtFwsKWcBrSumOG1FgmLf5bTpDi+mefOGCsnC4FqNIur4uB8wjxGstHXViVg3l7dMu1AqFMsohTN7DkUL2aY1U/78dVL7uD2YVLu5t04vJLFPA0U4lrJtW5FyEiwUI5yOs51Y0giTIe7TtsYA+1Q6yWzUMTrSTg95odAvUGjmfu9IsC/lyHd1pY/VQP7OpuZfWTtWXtlJWBDFigYk/ciLOVIhmu6NekxQovhIAyaC6VkRGWCBidLXyeojfG2K/ofGiWkXzdOala+UIVUG9uEQjsGGElTgEqpQBwJ9uIMHeDS4cW88Gc9p6YIx79mDHzJePgGIVpJj</latexit>⇡
Perturbed ε = 1.5 × 10−6

Perturbation at time  with spatial noise of energy t = 30 ε



Eulerian spontaneous stochasticity
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<latexit sha1_base64="WTSGegrZ25FIf42omNGNYTou3/4="></latexit>

" = 1.5⇥ 10�5

<latexit sha1_base64="Juc47m9BSeQZp2Zqk7kWbajKPxQ=">AAAB8HicdVDLSgMxFM3UV62vahcu3ARLwdUwI7Wtu4IblxXsQ9qhZNJMG5pMhiSjlKEb8Q/cuFDErZ+jK//GtFNBRQ9cOJxzL/fe40eMKu04H1ZmaXlldS27ntvY3Nreye/utZSIJSZNLJiQHR8pwmhImppqRjqRJIj7jLT98dnMb18TqagIL/UkIh5Hw5AGFCNtpCvdiyMkpbjp54uO7Zar5UoNpuTUXZCKA13bmaNYL5Sm+7fvd41+/q03EDjmJNSYIaW6rhNpL0FSU8zINNeLFYkQHqMh6RoaIk6Ul8wPnsKSUQYwENJUqOFc/T6RIK7UhPumkyM9Ur+9mfiX1411UPMSGkaxJiFOFwUxg1rA2fdwQCXBmk0MQVhScyvEIyQR1iajnAnh61P4P2kd227FPrkwadRAiiw4AIfgCLigCurgHDRAE2DAwT14BE+WtB6sZ+slbc1Yi5kC+AHr9ROZKpPj</latexit>

t "

<latexit sha1_base64="kQ9W6oktudytQBYKh2gumpxRr2c=">AAAB83icdVDJSgNBEO2JW4xb1KMgjUHwFGYkJvFkwIvHBMwCmRB6OpWkSc9Cd40QQo7+ghcPinj1npMf4c1v8CfsLIKKPih4vFdFVT0vkkKjbb9biaXlldW15HpqY3Nreye9u1fTYaw4VHkoQ9XwmAYpAqiiQAmNSAHzPQl1b3A59es3oLQIg2scRtDyWS8QXcEZGsl1OyCRudgHZO10xs46uUIuX6Rzcu4sSN6mTtaeIXPxOql83B5Oyu30m9sJeexDgFwyrZuOHWFrxBQKLmGccmMNEeMD1oOmoQHzQbdGs5vH9NgoHdoNlakA6Uz9PjFivtZD3zOdPsO+/u1Nxb+8ZozdYmskgihGCPh8UTeWFEM6DYB2hAKOcmgI40qYWynvM8U4mphSJoSvT+n/pHaadfLZs4qdKRXJHElyQI7ICXFIgZTIFSmTKuEkInfkgTxasXVvPVnP89aEtZjZJz9gvXwCcWCWYA==</latexit>

�✓

<latexit sha1_base64="2/bP7eQjFD/7KEMRfpGpYMtzI+k=">AAAB7XicdZC7SgNBFIZn4y3GW9RSkMEgWC27EpNYGbCxTMBcIFnC7GQ2GZ29MHNWCEtKexsLRWx9hVQ+hJ3P4Es4yUZQ0R8GPv7/HOac40aCK7CsdyOzsLi0vJJdza2tb2xu5bd3miqMJWUNGopQtl2imOABawAHwdqRZMR3BWu51+fTvHXDpOJhcAmjiDk+GQTc45SAtppdGDIgvXzBMu1iuViq4BRO7TmULGyb1kyFs9dJ/eN2f1Lr5d+6/ZDGPguACqJUx7YicBIigVPBxrlurFhE6DUZsI7GgPhMOcls2jE+1E4fe6HULwA8c793JMRXauS7utInMFS/s6n5V9aJwas4CQ+iGFhA04+8WGAI8XR13OeSURAjDYRKrmfFdEgkoaAPlNNH+NoU/w/NY9MumSd1q1CtoFRZtIcO0BGyURlV0QWqoQai6ArdoQf0aITGvfFkPKelGWPes4t+yHj5BNyQk74=</latexit>

✓

<latexit sha1_base64="/QslftjZiLSxyAMT7l74mGyRa5A=">AAACJXicbVDLSgMxFE3qq9ZXq0s3wSK4scyIVRGEghuXFewD2rFkMmkbmmTGJFMsQ7/Dra78GnciuPJXTNtZ2NYDgcM59+bee/yIM20c5xtmVlbX1jeym7mt7Z3dvXxhv67DWBFaIyEPVdPHmnImac0ww2kzUhQLn9OGP7id+I0hVZqF8sGMIuoJ3JOsywg2VvLaMkY3yHUek9PyuJMvOiVnCrRM3JQUQYpqpwAz7SAksaDSEI61brlOZLwEK8MIp+NcO9Y0wmSAe7RlqcSCai+Zbj1Gx1YJUDdU9kmDpurfjgQLrUfCt5UCm75e9Cbiv54vFiab7pWXMBnFhkoyG9yNOTIhmkSCAqYoMXxkCSaK2d0R6WOFibHBzf0UDFmk0yueZ2fkbGruYkbLpH5Wci9K5fvzYuU6zS8LDsEROAEuuAQVcAeqoAYIeAIv4BW8wXf4AT/h16w0A9OeAzAH+PMLLUWkQA==</latexit>

⌫ = 10�5

Dependence upon perturbation size  is again persisting at large 
Inverse cascade of errors, but growth is not self-similar

ε t

At  , small-amplitude perturbation: , t = t0 > tturb θ′ = θ + δθ |δθ | = ε



Conclusions
Spontaneous stochasticity provides a modern framework to address 
Lorenz’s ideas on unpredictability from a probabilistic viewpoint
Strong connections with the breakdown of the Lagrangian flow certainly exist. 

This intrinsic randomness is associated with the singular behaviour of 
dissipative inviscid solutions
It may be necessary to relax the notion of velocity field to describe flows at infinite 
Reynolds numbers (DiPerna & Majda 1987, Brenier 1989). 

Connection with non-uniqueness of weak dissipative solutions? (De Lellis and 
Székelyhidi 2010, Brenier et al. 2011; Buckmaster & Vicol 2019)  

The spontaneous stochasticity of SQG flow appears to be “tempered” 
Dependence on initial condition may not be differentiable (chaos), nor 
discontinuous (spontaneous stochasticity), but rather singular in between. 

Move beyond toy models: These ideas need to be extended to more 
realistic & complex models of relevance to geophysical flows


